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We discuss the quantum simulation of symmetry-protected topological (SPT) states for interacting
fermions in quasi-one-dimensional gases of alkaline-earth-like atoms such as 173Yb. Taking advantage
of the separation of orbital and nuclear-spin degrees of freedom in these atoms, we consider Raman-
assisted spin-orbit couplings in the clock states, which, together with the spin-exchange interactions
in the clock-state manifolds, give rise to SPT states for interacting fermions. We numerically
investigate the phase diagram of the system, and study the phase transitions between the SPT
phase and the symmetry-breaking phases. The interaction-driven topological phase transition can
be probed by measuring local density distribution of the topological edge modes.
Introduction.– The study of symmetry-protected topo-
logical (SPT) phases has significantly improved our un-
derstanding of topological matters [1, 2]. In contrast
to intrinsic topological orders with long-range entangle-
ments [3–5], SPT phases feature short-range-entangled
ground states with bulk gaps, and can have gap-
less/degenerate edge excitations as long as the protecting
symmetries are not broken. Notable examples of SPT
states range from the Haldane phase in interacting spin
chains [6], which features bosonic edge modes (bosonic
SPT state); to topological insulators in free fermions [7–
11], whose edge modes are fermionic (fermionic SPT
state). In recent years, both the bosonic SPT states
and the non-interacting fermionic SPT states have been
well classified [12–15]. The study of interacting SPT
phases with fermionic edge modes, however, is still in
progress [16–19]. In particular, an experimentally acces-
sible system capable of stabilizing interacting fermionic
SPT phases is still lacking.
In this work, we discuss the quantum simulation of
SPT states for interacting fermions using alkaline-earth-
like atoms. With two valence electrons, these atoms fea-
ture long-lived excited states and fermionic isotopes with
non-zero nuclear spins. The nuclear- and the orbital-
degrees of freedom are decoupled in the ground 1S0 (the
so-called |g〉 orbital) and the meta-stable excited 3P0 (the
|e〉 orbital) manifolds, which enables flexible control of
these so-called clock states. While the high level of quan-
tum control has led to numerous applications in quantum
metrology, quantum information and quantum simula-
tion using the clock states [4, 20–38, 40–47], the recently
discovered orbital Feshbach resonance in 173Yb atoms
further enriches the available toolbox, offering exciting
possibilities of studying strongly interacting fermionic
systems using these atoms [48–50].
Taking advantage of these features, we show that a
topological phase of interacting fermions can be real-
ized in a quasi-one-dimensional (1D) cold gas of alkaline-
earth-like atoms. Such a topological phase is pro-
tected by the U(1) particle-number-conservation and the
chiral symmetries, which form an anti-unitary group
U(1) × ZT2 . The SPT phase has fermionic edge states
and a Z4 topological invariant. This is in clear con-
trast to existing proposals of realizing SPT phases
with bosonic edge modes [32, 33, 43], which are pro-
tected by the SU(N)/ZN symmetry and can be real-
ized in pure bosonic systems. The interacting fermionic
SPT phase is also fundamentally different from non-
interacting fermionic SPT phases for their distinct topo-
logical invariants and classifications. We numerically
work out the phase diagram and propose that the
interaction-induced topological phase transitions can be
probed by detecting the local occupation of the clock
states at the edges. Our results open up the avenue of
simulating interacting fermionic SPT phases using cold
atomes, and studying their classifications.
Model.– We consider a quasi-1D cold atomic gas of
alkaline-earth-like atoms trapped in an optical lattice
potential along the axial direction, and tightly confined
in the transverse directions. As illustrated in Fig. 1, a
pair of blue-detuned Raman lasers simultaneously cou-
ple nuclear spin states {|g ↓〉, |g ↑〉} and {|e ↓〉, |e ↑〉}
ar
X
iv
:1
61
2.
08
88
0v
3 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 16
 O
ct 
20
17
2in different orbitals. The Rabi frequencies of the two
lasers forming the Raman processes are, respectively,
Ω1(x) = Ω1 cos(k0x) and Ω2 exp(ik0y), which, in ad-
dition to imposing Raman-assisted spin-orbit couplings
(SOCs) on the nuclear spins, give rise to 1D optical lat-
tice potentials for the states {|α ↑〉, |α ↓〉} (α = g, e).
When the Raman lasers are at a magic wavelength, the
optical lattice potentials, as well as the effective Rabi fre-
quencies of the Raman processes should be the same for
the |g〉 and the |e〉 orbitals. Such a condition can be sat-
isfied, for example, at the magic wavelength of ∼ 550nm
for 173Yb atoms [51]. Under such a setup, the single-
particle Hamiltonian can be written as
Hˆ0 =
∫
dx
∑
ασ
ψˆ†ασ[−
~2
2m
∇2 + V (x) + δασ]ψˆασ
+
∫
dx
∑
α
[M(x)ψˆ†α↑ψˆα↓ + H.c.], (1)
where σ = (↑, ↓), ψασ is the annihilation operator for
atoms with spin σ in the α orbital, and δασ denotes
the differential Zeeman shifts under an external magnetic
field [52, 53]. The lattice potential V (x) = V0 cos
2(k0x),
and the Raman potential M(x) = M0 cos(k0x), where
both V0 and M0 are proportional to the AC polarizabil-
ity of the clock states at the magic wavelength. With
the latest experimental achievements on synthetic SOCs
in alkaline-earth-like atoms [44–47], all the essential ele-
ments of the scheme are readily available.
While high-band effects are generally important for
Raman-assisted lattice SOCs, a single-band tight-binding
model is applicable when M0 is not too large [54–57].
This can be satisfied by requiring Ω1  Ω2, which allows
us to write down the single-particle tight-binding model
Hˆ0 = −ts
∑
<i,j>α
(cˆ†iα↑cˆjα↑−cˆ†iα↓cˆjα↓)+
∑
iα
Γαz (nˆiα↑−nˆiα↓)
+ tso
∑
iα
(cˆ†iα↑cˆi+1α↓ − cˆ†iα↑cˆi−1α↓ + H.c.), (2)
where cˆiασ is the annihilation operator for atoms on
site-i with spin σ in the α orbital, ts = |
∫
dxφ(i)
[ −
~2
2m∇2 + V (x)
]
φ(i+1)|, tso = |
∫
dxφ(i)M(x)φ(i+1)|, and
Γαz = ~(δα↑ − δα↓)/2. Here φ(i) is the lowest-band Wan-
nier function on the ith site of the lattice potential V (x).
In alkaline-earth-like atoms, as the electronic (|g〉, |e〉)
and the nuclear-spin (|↑〉 , |↓〉) degrees of freedom are de-
coupled in the clock-states manifold (1S0,
3P0), the inter-
orbital interaction at short ranges can only occur ei-
ther in the electronic spin-singlet and nuclear spin-triplet
channel |−〉 ≡ 12 (|ge〉 − |eg〉) ⊗ (|↓↑〉 + |↑↓〉), or in the
electronic spin-triplet and nuclear spin-singlet channel
|+〉 ≡ 12 (|ge〉+ |eg〉)⊗ (|↓↑〉 − |↑↓〉). In a quasi-1D trap-
ping potential and under a finite external magnetic field,
these different scattering channels are coupled, and the
Ω1
Ω2
x
y
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FIG. 1: Schematics of the system setup. (a) A quasi-1D
atomic gas is subject to Raman lasers. (b) Raman level
schemes in the clock-states manifold. The green curve in-
dicates the inter-orbital spin-exchange interaction. The four
nuclear spin states from 1S0 and
3P0 manifolds are isolated
from the other nuclear spins, which can be achieved by im-
posing spin-dependent laser shifts [38, 47].
interaction under the tight-binding approximation can be
written as [58]
Hˆint = Vex
∑
i
(cˆ†ig↑cˆ
†
ie↓cˆie↑cˆig↓ + H.c.)
+ U
∑
i
(nˆig↑nˆie↓ + nˆig↓nˆie↑) + U0
∑
iσ
nˆigσnˆieσ, (3)
where nˆiασ = cˆ
†
iασ cˆiασ, U and U0 are the on-site interac-
tion strengths, and Vex is the on-site inter-orbital spin-
exchange interaction. All the on-site interaction parame-
ters {Vex, U, U0} can be tuned via the external magnetic
field through the orbital Feshbach resonance, or via the
transverse trapping frequencies through the confinement
induced resonance [58, 59]. Note that U0 = Vex + U at
zero external magnetic field [58]. Importantly, the Hamil-
tonians in Eqs. (2) and (3) respect the aforementioned
U(1)× ZT2 symmetry [60].
In the absence of interactions, the ground state of the
system with Γαz < 2ts can be described by a pair of in-
dependent chiral topological insulators belonging to the
AIII class [62]. The topological invariant in this state
is 2 ∈ Z, which reflects the number of non-interacting
fermionic zero modes at each edge. When symmetric per-
turbations, such as the interactions in Eq. (3), are turned
on, the edge states are no longer non-interacting fermions
but rather collective modes. The resulting SPT phase
then has a Z4 invariant. This so-called Z4 reduction
of the 1D class AIII systems has been discussed previ-
ously [2, 3]. We may label the Z4 phases as K = 0, 1, 2, 3
respectively, with K = 1 being the root phase, i.e., a
single chain of class AIII topological insulator under in-
teractions, and K = 0 being the trivial phase. Then
the interacting SPT phase here belongs to the K = 2
phase [60]. With stronger interactions, the system may
be driven into trivial phases or ordered phases through
continuous phase transitions, which are accompanied by
the disappearance of edge modes. To understand the na-
ture of these phases and phase transitions, we perform
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FIG. 2: (a) The lowest four levels in the entanglement spec-
trum ξi (i = 1, 2, 3, 4), and (b) the second-order Re´nyi en-
tropy S2 and the von Neumann entropy SvN as functions of
Vex/ts for a chain with N = 60 lattice sites and under open
boundary conditions. (c) The bulk energy gap Egap (the en-
ergy difference between the ground state and the first excited
state) for a chain with N = 12 lattice sites under the peri-
odic boundary condition. (Inset) The bulk gap at the critical
point as a function of 1/N . The red solid line is a linear fit,
with Egap/ts ∼ −0.02 ± 0.05 in the large-N limit. (d) The
von Neumann entropy of a subchain of length l as a function
of sin(pil/N) for a chain with N = 120 sites at the critical
point Vex/ts = 1.694. The solid line is the linear fit with:
SvN =
C
6
ln[sin(pil/N)] + 1.87 with C = 1.018. The central
charge is six times the slope of the linear fit. All calculations
are performed at half filling, and we fix Γ
g/e
z = 0, U = 0,
tso/ts = 0.4.
density matrix renormalization group (DMRG) [65, 66]
calculations, for which we retain 300 truncated states per
DMRG block and perform 20 sweeps with a maximum
truncation error ∼ 10−7.
Interaction-driven topological phase transition.– A
common practice to identify 1D non-trivial topological
phases is by examining the degeneracy in the entangle-
ment spectrum of the ground state, which is defined as
ξi = − ln(ρi) [67–73]. Here ρi is the eigenvalue of the
reduced density matrix ρˆL = TrR|ψ〉〈ψ|, where |ψ〉 is the
ground state and L,R correspond to the left or the right
half of the 1D chain. As the entanglement spectrum ξi re-
sembles the energy spectrum of edge excitations, the sys-
tem is topologically non-trivial if and only if each eigen-
value ξi is degenerate [73]. We first study the case of
increasing the spin-exchange interaction Vex while fixing
U , Γαz , and tso. In Fig. 2(a), we show the four lowest lev-
els in the entanglement spectrum as functions of Vex/ts.
While there is a four-fold degeneracy for the eigenstates
in the entanglement spectrum with Vex = 0, the degen-
eracy is partially lifted in the presence of weak Vex. As
the degeneracy of the entanglement spectrum is gener-
ally equal to the dimension of the irreducible projective
representation of the symmetry group, the lift of degener-
acy can be understood as the reduction of the projective
representations into irreducible ones [60]. For repulsive
interactions (Vex > 0), the entanglement spectrum is no
longer degenerate beyond a critical interaction strength
V cex/ts ∼ 1.69. Since no local-symmetry-breaking order is
found on either side of the critical point, it signals a topo-
logical phase transition from an interacting SPT phase to
a trivial one. For attractive interactions (Vex < 0), the
non-trivial SPT state persists even at large |Vex|.
The existence and the location of the interaction-
driven topological phase transition can be further con-
firmed by entropy and bulk-gap calculations. As demon-
strated in Fig. 2(b), sharp features emerge at the criti-
cal point in both the second-order Re´nyi entropy S2 =
− log Tr(ρˆ2L) [72–78], and the von Neumann entropy
SvN = −TrL[ρˆL log ρˆL]. In Fig. 2(c), we show the bulk
gap of a finite lattice with N = 12 under periodic bound-
ary conditions at half filling. As the system goes across
the critical point, the bulk gap closes in the thermody-
namic limit (inset) and opens up again, which is typical
of a continuous topological phase transition.
The divergence of the von Neumann entropy at the
critical point not only indicates a continuous transition
but also yields the central charge, which reflects the uni-
versality class of the phase transition. In Fig. 2(d), the
von Neumann entropy of a subchain of length l is plotted
as a function of ln[sin(pil/N)]. The slope at large distance
gives the central charge C [79, 80]. From Fig. 2(d), we es-
timate C ∼ 1.018, which is close to the universality class
of Luttinger liquid with C = 1. Furthermore, the spin-
spin correlation 〈SˆiαxSˆjαx〉 (Sˆiαx is the α-orbital spin
operator along x on site i) exhibits a power-law decay
at the critical point, with a coefficient ∼ 1.38 [60]. A
similar power-law decay, with a coefficient ∼ 2.1, exists
for correlations of the on-site density difference between
the two orbitals, which can be regarded as the spin-spin
correlation in the orbital degrees of freedom [60]. These
results suggest that the system is a Luttinger liquid at
the critical point.
Phase diagram and the trivial states.– With the help
of entanglement-spectrum and entropy calculations, we
map out the phase diagram in Fig. 3(a). We further
identify different trivial states such as the rung-singlet
states, the charge-density wave (CDW) state, and the
orbital-density wave (ODW) state by calculating their
corresponding local quantities [4, 42, 43]. As we have dis-
cussed previously, when U = 0, the many-body ground
state of the system can undergo a topological phase tran-
sition from a topological (T) phase to a trivial symmetric
state. We define the singlet states in the orbital- (spin-)
degrees of freedom as |±〉 = (|g ↑; e ↓〉 ± |g ↓; e ↑〉)/√2,
and analyze the local quantity 〈ρˆi±〉, where ρˆi± = |±〉〈±|.
40 1 0 5 0 6 00
1
2
0 1 0 5 0 6 00
2
4
0 1 0 5 0 6 00
1
- 1 2 - 6 0 6 1 2- 1 2
- 6
0
6
1 2
( d )( c )
( b )
O R S
S R ST
C D W

 
U/t s
V e x / t s
O D W( a )

 
〈n i 
 〉
s i t e ( i )
 〈 n i  g  〉   〈 n i  e  〉  
 
〈n i〉
s i t e ( i )







〈 i  
 〉
s i t e ( i )
 O R S  〈i  + 〉      S R S  〈i  - 〉

FIG. 3: (a) Phase diagram for a lattice with N = 60 sites at
half filling, with Γαz = 0. (b) On-site densities of the states
|±〉, with Vex/ts = −11, U/ts = 5 for ORS, and Vex/ts = 8,
U = 0 for SRS, respectively. (c) Local atomic densities in the
CDW state, with nˆi =
∑
ασ nˆiασ, Vex = 0, U/ts = −4. (d)
Local densities for different orbitals in the ODW state, with
nˆiα =
∑
σ nˆiασ, Vex = 0, U/ts = 8, tso/ts = 0.4.
As indicated in Fig. 3(b), the trivial symmetric state
for the repulsive Vex case (with U = 0) is a spin rung-
singlet (SRS) state [43], which can be described by the
direct-product state
∏
i |−〉i. As U becomes finite, the
system can become the orbital rung-singlet (ORS) state
(
∏
i |+〉i), the CDW, or an ODW state beyond the corre-
sponding topological phase boundaries. Both the CDW
and ODW are ordered trivial states with spontaneously
broken chiral symmetry, which can be confirmed by cal-
culating the corresponding local quantities as shown in
Fig. 3(c)(d). In Fig. 3(a), we have fixed tso/ts = 0.4. If
we start from the T state and decrease tso, a topologi-
cal phase transition will occur at a critical tcso such that
the system is topologically trivial for tso < t
c
so [60]. This
highlights the role of SOC in stabilizing the T state. We
also note that similar phase diagrams can be obtained at
finite Zeeman fields Γαz .
Topological edge modes.– Another prominent feature
of SPT states is the existence of topological edge modes
at the boundaries, which are robust against symmetric
perturbations. Whereas the existence (absence) of the
topological edge modes signals that the system is topo-
logically non-trivial (trivial), the topological edge modes
in the interacting SPT state significantly affect the de-
generacy of the many-body ground state at half filling.
In the absence of interactions, the ground state should be
six-fold degenerate, when half of the four spin-polarized
fermionic edge modes (two for each edge) are occupied.
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FIG. 4: The edge-mode density distributions ∆ni for (a) the
T state with Vex/ts = −1, (b) the T state with Vex/ts = 1,
and (c) the SRS state with Vex/ts = 2. Other parameters are
the same as those in Fig. 2. The numbers in the figure legends
label different degenerate ground states.
Under finite interactions, we numerically confirm that
the ground-state degeneracy is dependent on the bulk
interactions, which is governed by the projective repre-
sentations of the symmetry group [60]. For repulsive bulk
interactions (Vex > 0), the ground state is four-fold de-
generate, with only one edge mode occupied on each edge.
For attractive bulk interactions (Vex < 0), the ground
state is two-fold degenerate, with the two zero modes at
each edge either both empty or both occupied.
Detection.– The understanding of the topological edge
modes not only provides a way to manipulate the edge
modes by tuning the bulk interactions, but also offers a
detection scheme based on measuring the localized den-
sity of edge modes [81]. The density distribution of the
edge modes can be calculated as ∆ni =
∑
ασ〈nˆiασ(2N)−
nˆiασ(2N −2)〉, where 〈nˆiασ(M)〉 is the expectation value
of the density operator nˆiασ in the ground state for M
atoms on N lattice sites. As shown in Fig. 4, while the
trivial SRS state features a non-local density distribu-
tion with negligible population at the edges, the T states
with two- and four-fold ground-state degeneracies feature
localized density distributions at the edges. In particu-
lar, for the T states with two-fold ground-state degen-
eracy, the localized edge-mode density is twice as that
with four-fold degeneracy. We have checked that other
trivial states have similarly negligible population at the
edges as the SRS. Thus, the localized density of the edge
modes allows for the detection of the interaction-driven
topological phase transition, and enables the determina-
tion of the edge-mode degeneracy in the T state. To
measure the local atomic density at the edges, one needs
to measure the overall occupation of the |g〉 and the |e〉
orbitals at the boundaries, which can be achieved, respec-
tively, by coupling the 1S0-
1P1 and the
3P0-
1P1 (or the
3P0-
3S1-
1P1 two-photon) transitions and recording the
resulting fluorescence. To selectively apply local opera-
tions, a localized laser field can be applied at the edges to
provide the necessary energy shifts. Finally, we note that
the topological phase transition may also be detected by
probing the non-local string-order parameters [82], which
5can be achieved, for instance, by measuring single-site-
resolved on-site parity of the atom number [83].
Final remarks.– We have proposed to use alkaline-
earth-like atoms to investigate SPT states for interact-
ing fermions, which are induced by SOC and the inter-
orbital spin-exchange interactions in these atoms. An
alternative scheme with separate Raman lasers for differ-
ent orbitals can also be considered, where the reflection
symmetry between the two orbitals would be broken even
at a zero magnetic field. However, the non-trivial SPT
should survive, as it is not protected by the inter-orbital
reflection symmetry.
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Note added.– After the submission of our work, an
experiment appeared online (arXiv:1706.00768) realizing
non-interacting class AIII SPT state in 173Yb atoms. The
experiment paves the way toward implementing the in-
teracting SPT discussed here.
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7Supplemental Materials
In this Supplemental Materials, we provide details on the topological edge modes, the characterization of the
topological phase transitions, the topological invariant of the interacting fermionic SPT state, and the effect of spin-
orbit coupling. The notation used here follows that of the main text.
A. Topological edge modes and the chemical potential
We calculate the chemical potential µ(M) = E0(M + 1)− E0(M), which is essentially the energy required to add
an atom to a system of M atoms. Here, E0(M) is the ground-state energy of M atoms on N lattice sites with open
boundary conditions. As illustrated in Fig. S1(a), when the system is in the SPT state, mid-gap modes associated
with the topological edge modes emerge in the chemical-potential spectrum. These mid-gap modes represent the
excitation energies required as the occupation number of the four topological edge modes (two for each orbital)
increases sequentially from zero to four. As Vex increases, these mid-gap modes would shift toward the bulk and
eventually merge into the bulk spectrum. Such a behavior can be characterized by calculating the excitation energy
gap between the bulk spectrum and the nearest mid-gap state: ∆µ = [E0(2N+3)−E0(2N+2)]−[E0(2N+1)−E0(2N)],
where 2N corresponds to the half-filling condition for a lattice with N sites. As illustrated in Fig. S1(b), the excitation
gap vanishes at the critical point, indicating the merging of the mid-gap modes into the bulk spectrum.
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FIG. S1: (a) Chemical potential µ(M) = E0(M +1)−E0(M) as functions of Vex/ts for a chain with N = 60 lattice sites at half
filling with the atom number M = 120, and under open boundary conditions. Here, Vex/ts = −1. (b) The excitation energy
gap ∆µ as a function of Vex/ts. For both plots, we have Γ
g/e
z = 0, U = 0, U0/ts = −1.
B. Characterizing the topological phase transitions
The continuous topological phase transition between the T state and the rung-singlet states can be characterized by
the relevant correlation functions at the critical point. Taking the T-SRS boundary as an example, we find that the cor-
relation of the on-site density difference between the two orbital, defined as 〈nˆg−enˆg−e〉 = 〈(nˆig−nˆie)(nˆi+d,g−nˆi+d,e)〉,
exhibits a power-law decay at the phase boundary. Similarly, the spin-spin correlation, 〈SˆxαSˆxα〉 = 〈Sˆi,αxSˆi+d,αx〉, also
decays in a power-law fashion at the critical pint. Here, Sˆi,αx =
√
2/2(cˆ†iα↑cˆiα↓+H.c.). In Fig. S2, we show the linear
fit on a log-log plot of the correlation functions versus the distance between sites d. The power-law decay of the
correlation functions, combined with the central charge calculation, suggest that the system is a Luttinger liquid at
the critical point.
Similarly, we find that the phase transitions between the T state and the CDW, the ODW, and the ORS states are
all continuous. As shown in Fig. S3, by characterizing the divergence of the von Neumann entropy at the corresponding
phase boundaries, we find that the central charges for the T-ORS, the T-ODW, and the T-CDW phase transitions
are ∼ 0.978, ∼ 0.972, and ∼ 1.008, respectively.
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FIG. S2: (a) Power-law decay of the correlation of the density-difference at the critical point in Fig. 2(d) of the main text. The
linear fit is given by y = −2.1x− 0.77. (b) Power-law decay of the spin-spin correlation at the same critical point. The linear
fit is given by y = −1.38x− 1.6.
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FIG. S3: The von Neumann entropy of a subchain of length l as a function of sin(pil/N) for a chain with N = 100 sites. (a)
At the T-ORS phase boundary with Vex/ts = −4.982, U/ts = 2; (b) at the T-ODW phase boundary with Vex/ts = −1.190,
U/ts = 2.791; (c) at the T-CDW boundary with Vex/ts = −4.995, U/ts = −0.995.
C. Topological invariant of the SPT state
In this section, we discuss the topological invariant of the interacting fermionic SPT phase protected by the U(1)×ZT2
symmetry as discussed in the main text. Generally, the topological invariants and classifications of short-range
entangled interacting fermionic SPT phases with particle number conservation is not well established in two and
higher dimensions. However, in one dimension, since fermionic systems can be mapped into bosonic systems via the
Jordan-Wigner transformation, the topological invariants of bosonic SPT phases, while different from those of the
corresponding fermionic SPT phases, can be applied for fermionic systems with slight modifications [1].
For one-dimensional bosonic SPT phases, the topological invariants are the equivalence classes of projective rep-
resentations of the symmetry group carried by the edge states. For the U(1) × ZT2 symmetry, the invariants of the
SPT phases form a Z2 × Z2 group according to the second group cohomology H2(U(1) × ZT2 , U(1)) = Z2 × Z2. In
other words, the classification of the corresponding bosonic SPT phases is Z2×Z2. In the following, we will calculate
the projective representations carried by the edge states of femrionic SPT phases with the same symmetry group. In
contrast to the bosonic SPT phases, the fermionic SPT phases have a Z4 topological invariant owning to the fermionic
exchanging statistics of the femionic edge zero modes.
As discussed in the main text, for a single chain, i.e. with only one orbital degree of freedom, the left edge mode
|ψl〉 is an eigenstate of the spin operator Sˆx = σˆx/2 with the eigenvalue +1/2 (we have taken ~ to be one), and the
right edge mode |ψr〉 is an eigenstate of Sˆx with the eigenvalue −1/2,
Sˆx|ψl〉 = 1
2
|ψl〉, Sˆx|ψr〉 = −1
2
|ψr〉. (S1)
So we can describe the edge modes by fermion operators cˆ1l and cˆ1r, |ψl〉 = cˆ†1l|vac〉, |ψr〉 = cˆ†1r|vac〉 respectively.
Here the subscript 1 indicates the orbital degree of freedom.
9Without loss of generality, we only consider the left boundary. The edge mode varies under symmetry action as
the following:
Uˆ(θ)cˆ1lUˆ(θ)
−1 = eiθ cˆ1l, (S2)
ˆ(CT )cˆ1l ˆ(CT )
−1
= cˆ†1l. (S3)
The fermion mode cˆ1l spans a two-dimensional Hilbert space |0〉 and |1〉 = cˆ†1l|0〉. In this two-dimensional Hilbert
space of the left edge states, we can replace cˆ1l and cˆ
†
1l as σˆ
− = (σˆx − iσˆy)/2 and σˆ+ = (σˆx + iσˆy)/2, respectively.
From Eqs. (S2) and (S3), we can solve the matrix form of symmetry action as
Uˆ(θ)→M1(θ) =
(
1 0
0 eiθ
)
, (S4)
ˆ(CT )→M1 ˆ(CT ) = σˆxK. (S5)
Since M1 ˆ(CT )KM1(θ) = e−iθM1(θ)M1 ˆ(CT )K, these matrices form a projective representation of the symmetry
group U(1)× ZT2 , and they describe how the edge state vary under the action of the symmetry operations.
Now we consider a two-leg ladder, i.e. with both orbital degrees of freedom, as discussed in the main text. The
edge modes of the second chain located at the left and the right edge can be described as cˆ2l and cˆ2r, respectively.
Now at the left edge we have two fermionic zero modes cˆ1l and cˆ2l. The Hilbert space spanned by the left edge states
is four-dimensional. Since {cˆ1l, cˆ2l} = 0, following the concept of the Jordan-Wigner transformation the fermion
operators can be written in matrix form as
cˆ1l = I ⊗ σˆ−, cˆ2l = σˆ− ⊗ σˆz. (S6)
Since the symmetry acts on the fermion operators as follows,
Uˆ(θ)cˆαlUˆ(θ)
−1 = eiθ cˆαl, (S7)
ˆ(CT )cˆαl ˆ(CT )
−1
= cˆ†αl, (S8)
we can solve the representation matrix of the symmetry operations as
Uˆ(θ)→M2(θ) =
(
1 0
0 eiθ
)
⊗
(
1 0
0 eiθ
)
, (S9)
ˆ(CT )→M2 ˆ(CT ) = σˆy ⊗ σˆxK. (S10)
The above matrices can be simultaneously block-diagonalized as
M2(θ) =

1
e2iθ
eiθ
eiθ
 , (S11)
M2 ˆ(CT ) =
(
σˆy
−σˆy
)
K, (S12)
which is a direct sum of two irreducible projective representations (of the same class).
At half filling, only two of the four edge modes are occupied. The ground state should then be six-fold degenerate
in the absence of interactions. If the effective interaction between the two legs is repulsive, there is always one fermion
zero mode occupied at one edge, which varies as the irreducible projective representation under symmetry action,
M2(θ) =
(
eiθ
eiθ
)
, (S13)
M2 ˆ(CT ) = −σˆyK. (S14)
In this case, the ground state at half filling features a four-fold degeneracy. On the other hand, if the interaction is
attractive, the fermion zero modes are either not occupied or doubly occupied at each edge, they carry the following
irreducible projective representation,
M2(θ) =
(
1
e2iθ
)
, (S15)
M2 ˆ(CT ) = σˆyK. (S16)
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FIG. S4: The ground-state degeneracy for a finite chain with N = 10 at half filling. (a) U0 = 0 and (b) U0 = Vex + U . We fix
U = 0 here. (c) A schematic illustration of the occupied edge fermion modes of the degenerate ground states for different bulk
interactions.
The ground state is then two-fold degenerate at half filling. Note that while the projective representation above
indicates four ground states, only two of them are at half filling. By comparing numerical results with the theory
above, we find that the repulsive effective interaction corresponds to a repulsive bulk spin-exchange interaction Vex > 0,
and the attractive effective interaction corresponds to an attractive bulk interaction Vex < 0. This implies that when
the bulk spin-exchange interactions are tuned, the ground-state degeneracy at half filling can change from two (for
Vex < 0) to six (for Vex = 0) and finally to four (for Vex > 0). This is illustrated in Fig. S4 for a finite chain with
N = 10 at half filling.
Similarly, if one more chain is stacked into the ladder, then the resultant edge states carry the following irreducible
projective representation,
M3(θ) =
(
eimθ
einθ
)
, (S17)
M3 ˆ(CT ) = σˆyK, (S18)
with m+ n =odd. Finally, if four chains are stacked together, then the edge states can be fully gapped out and it is
described by a trivial one-dimensional irreducible projective representation.
As such, the fermionic SPT phase discussed in the main text can be prepared by first stacking two identical chains of
class AIII topological insulators together, and then switching on the symmetry-preserving interactions. The resulting
T phase belongs to one of the three topological non-trivial states in the Z4 classification. This so-called Z4 reduction of
the one-dimensional class AIII systems has been theoretically discussed previously [2, 3]. We may label the Z4 phases
as K = 0, 1, 2, 3 respectively, with K = 1 being the root phase, i.e., a single chain of class AIII topological insulators
with interactions turned on, and K = 0 being the trival phase. Then the interacting SPT phase here belongs to the
K = 2 phase.
Since the degeneracy in the entanglement spectrum is generally equal to the dimension of the irreducible projective
representation of the symmetry group, we now show that the partial lift of the degeneracy in the entanglement spec-
trum in Fig. 2(a) of the main text can be interpreted in terms of reduction of the reducible projective representations
of the stacked chains into irreducible ones. For a single chain, the entanglement spectrum ξi (see the main text
for definition) are two-fold degenerate, namely, each of the two-fold degenerate entanglement weight ρi is associated
with a two-dimensional irreducible projective representation (carried by the entanglement Schmidt eigenstates, the
so-called virtual states). When stacking two chains without interaction, the Schmidt eigen-space corresponding to
the weight Λij = ρ
(1)
i ρ
(2)
j is a direct product of the fermionic eigen-spaces of ρ
(1)
i and ρ
(2)
i of the two chains re-
spectively. This four-dimensional Hilbert space carries the four-dimensional reducible projective representations as
shown in Eqs. (S9)∼(S12), which explains the four-fold degeneracy in the entanglement spectrum at Vex/ts = 0.
Since the four-dimensional projective representation can be reduced to a direct sum of a pair of two-dimensional ir-
reducible representations, when the symmetry-reserving interactions are switched on, the four-fold degenerate weight
Λij = ρ
(1)
i ρ
(2)
j reduces to a pair of two-fold degenerate weights Λ
′
ij and Λ
′′
ij , which carry irreducible representations
given in Eqs. (S13), (S14) and (S15), (S16) respectively.
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FIG. S5: (a) The lowest four levels in the entanglement spectrum, and (b) the SP order parameter as functions of increasing
spin-orbit-coupling parameter tso. For both subplots we have U/ts = 1, Vex/ts = −1, N = 64.
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D. The effect of spin-orbit coupling
In our system, a key element in generating the fermionic SPT phase is the Raman-assisted spin-orbit coupling
within the orbital degree of freedom. The effect of spin-orbit coupling is strikingly clear when we compare the phase
diagram in Fig. 3 of the main text with that of a closely related but different system studied in Ref. [4]. It is shown
in Ref. [4] that, in the absence of the spin-orbit coupling term tso, the SPT phase (T phase) should be replaced by a
conventional spin-Peierls-like (SP) phase. Such an SP state is topologically trivial, and can be characterized by the
order parameter
SP =
2
N
3N/4∑
i=N/4
[
(−1)i
∑
ασ
cˆ†i+1ασ cˆiασ
]
, (S19)
where N is the total number lattice sites. Note that as we wish to characterize the order parameter in the bulk, a
truncation in the range of summation over i is taken to eliminate the unwanted impact of the edge modes (more on
this point later).
In Fig. S5, we show the lowest four levels of the entanglement spectrum and the SP order parameter with increasing
tso/ts. One can clearly identify a critical parameter t
c
so/ts, below which the ground state in the entanglement spectrum
is non-degenerate and the SP order parameter is finite. Beyond tcso/ts, however, the eigenstates of the entanglement
spectrum become two-fold degenerate and the SP order parameter becomes vanishingly small. This clearly indicates
the existence of a topological phase transition between the SP state at small tso/ts and the SPT state at larger tso/ts.
The phase transition is driven by competition between the spin-orbit coupling and the interaction.
We further illustrate the difference between the SPT state and the SP state by plotting the kinetic energy density
Ekin(i) = cˆ
†
i+1ασ cˆiασ (S20)
in Fig. S6. While the kinetic energy density oscillates in the bulk of the SP state, which is a signature for the
dimerization typical of the SP state, there is no such oscillation in the bulk of the SPT state. Note that in the SPT
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FIG. S7: The lowest six levels of the entanglement spectrum in (a) the SP state with tso/ts = 0, and (b) the SPT state with
tso/ts = 0.4 as functions of the bipartition position lc. For both subplots we have U/ts = 1, Vex/ts = −1, N = 64.
state, the kinetic energy density only oscillates at the two edges, which shows the impact of edge modes rather than
the bulk states. This observation is consistent with our truncation of edge sites in the definition of the SP order
parameter in Eq. (S19).
The lack of dimerization in the bulk of the SPT state can also be confirmed by varying the bipartition position
lc between the left (L) and the right (R) halves of the lattice while calculating the entanglement spectrum. In the
SP state, as illustrated in Fig. S7(a), the ground state of the entanglement spectrum remains to be non-degenerate
regardless of odd or even lc. In contrast, in the SPT state, as in Fig. S7(b), the eigenstates in the entanglement
spectrum are two-fold degenerate regardless of the value of lc. A closer observation reveals that, in the SP state, the
lowest six levels in the entanglement spectrum are very close to one another (quasi-degenerate) when lc sits on odd
sites. Such a quasi-degeneracy originates from the dimerized nature of the SP state. As discussed in Refs. [4, 5], the
SP state is originally defined for the SU(4) Hubbard model. In such a system, the ground state of the entanglement
spectrum should be non-degenerate for even lc and six-fold degenerate for odd lc [5], due to the alternating strong
and weak bonds (dimerization). In our system, the SU(4) symmetry is not fully preserved under the interaction
parameters governed by the realistic scattering parameters of 173Yb atoms. This gives rise to the slightly lifted
degeneracy in the entanglement spectrum of the SP state as shown in Fig. S7(a). The quasi-degeneracy in the lowest
six levels of the entanglement spectrum for odd lc suggests dimerization in the SP state, which is consistent with
results in Figs. S5 and S6. Importantly, we note that there is no such dimerization in the SPT state, which highlights
the difference between these phases and justifies our approach to determine the topological phase boundary from
entanglement-spectrum calculations based on bipartition.
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